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1 Introduction 



This paper is a sequel to [NV1]; we study here a class of fully nonlinear second- 
order elliptic equations of the form 

(1.1) F{D 2 u)=0 

defined in a domain of R". Here D 2 u denotes the Hessian of the function u. 
We assume that F is a Lipschitz function defined on the space S 2 (R n ) ofnxn 
symmetric matrices satisfying the uniform ellipticity condition, i.e. there exists 
a constant C — C(F) > 1 (called an ellipticity constant) such that 

(1.2) C^ll^ll < F(M + N) - F(M) < C\\N\\ 

for any non-negative definite symmetric matrix N; if F G C 1 (S' 2 (R Tl )) then this 
condition is equivalent to 

(1-2') ^|£| 2 <i^^-<cn£| 2 ,V£eR" . 

Here, Uij denotes the partial derivative d 2 u/dxidxj. A function u is called a 
classical solution of (1) if u £ C 2 (f2) and u satisfies (1). Actually, any classical 
solution of (1) is a smooth (C a+3 ) solution, provided that F is a smooth (C a ) 
function of its arguments. 

For a matrix S € 5 2 (R") we denote by X(S) = {A, : Ai < ... < A„} G 
R™ the (ordered) set of eigenvalues of the matrix S. Equation (1) is called a 
Hessian equation ([T1],[T2] cf. [CNS]) if the function F(S) depends only on the 
eigenvalues A(5) of the matrix S, i.e., if 

F(S) = f(X(S)), 
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for some function / on R n invariant under permutations of the coordinates. 

In other words the equation (1) is called Hessian if it is invariant under the 
action of the group 0(n) on 5 2 (R™): 

(1.3) VOe 0(n), FCO-S-O) = F(S) . 

The Hessian invariance relation (3) implies the following: 

(a) F is a smooth (real-analytic) function of its arguments if and only if / 
is a smooth (real-analytic) function. 

(b) Inequalities (1.2) are equivalent to the inequalities 

£ < f{h + m) - /(Ai) < Com, V M > 0, 

Mi = 1, n, for some positive constant Co- 

(c) F is a concave function if and only if / is concave. 

Well known examples of the Hessian equations are Laplace, Monge- Ampere, 
Bellman, Isaacs and Special Lagrangian equations. 

Bellman and Isaacs equations appear in the theory of controlled diffusion 
processes, see [F]. The both are fully nonlinear uniformly elliptic equations of 
the form (1.1). The Bellman equation is concave in D 2 u g S 2 (R") variables. 
However, Isaacs operators are, in general, neither concave nor convex. In a 
simple homogeneous form the Isaacs equation can be written as follows: 

(1.4) F(D 2 u) = sup inf L ab u = 0, 

b a 

where L a b is a family of linear uniformly elliptic operators of type 

d 2 



(1.5) £ = E a *. 



dxidxj 

with an ellipticity constant C > which depends on two parameters a, b. 
Consider the Dirichlet problem 



(1.6) 



F(D 2 u) = in 
u = ip on <9f2 , 



where fl C R™ is a bounded domain with smooth boundary <9f2 and <p is a 
continuous function on dQ. 

We are interested in the problem of existence and regularity of solutions to 
Dirichlet problem (1.6) for Hessian equations and Isaacs equation. The problem 
(1.6) has always a unique viscosity (weak) solution for fully nonlinear elliptic 
equations (not necessarily Hessian equations). The viscosity solutions satisfy 
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the equation (1.1) in a weak sense, and the best known interior regularity 
([C],[CC],[T3]) for them is C 1+e for some e > 0. For more details see [CC], 
[CIL]. Until recently it remained unclear whether non-smooth viscosity solu- 
tions exist. In [NV1] we proved the existence in 12 dimensions of non-classical 
viscosity solutions to a fully nonlinear elliptic equation. The paper [NV1] uses 
the function 

Re( qi q 2 q 3 ) 

Wl2{X) = j — : , 

\x\ 

where ^ e H, i — 1,2,3, are Hamiltonian quaternions, x = (qi,q 2 ,qs) € H 3 = 
R 12 which is a viscosity solution in R 12 of a uniformly elliptic equation (1.1) 
with a smooth F. Moreover, in [NV2] we proved that in 24 dimensions there 
exists a singular viscosity solution to a uniformly elliptic equation (1.1) with a 
smooth F which lies in C 2 ~ £ for a small positive e. 

Our first main goal is to show that an octonionic analogue of w 12 provides 
singular solutions to Hessian uniformly elliptic equations in 21 (and more) di- 
mensions. Moreover the following theorem holds for a certain harmonic cubic 
polynomial P 24 in R 24 : 

Theorem 1.1. 

For any 5, 1 < S < 2 and any plane H' C R 24 , dim_ff' = 21 the function 

{P 2i {x)/\x\% H , 

is a viscosity solution to a uniformly elliptic Hessian equation (1.1) in a unit 
ball B C R 21 for the cubic form 

P 24 (x) = Re((oi ■ o 2 ) ■ o 3 ) = Re(oi ■ (o 2 ■ 03)), 

where Oi € O, i = 1, 2, 3, O being the algebra of Caley octonions, x — (01,02, 03) G 
O 3 = R 24 . 

It shows the optimality of the result by Caffarelli-Trudingcr [C,CC,T3] on the 
interior (^"-regularity of viscosity solutions of fully nonlinear equations, even 
in the Hessian case. 

The second main goal is to show that the same function is a viscosity solution 
to a uniformly elliptic Isaacs equation: 

Theorem 1.2. 

For any 5, 1 < S < 2 and any plane H' C R 24 , dim_ff' = 21 the function 

(P 24 (x)/\x\ s ) lH , 

is a viscosity solution to a uniformly elliptic Isaacs equation (1.4) in a unit ball 
B c R 21 . 
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The rest of the paper is organized as follows: in Section 2 we recall some 
preliminary results, we introduce the form P24 and give its main properties in 
Section 3, we prove Theorem 1.1 in Section 4, and, finally, we prove Theorem 
1.2 in Section 5. 



2 Preliminary results 

Let w = wg be a homogeneous function of order 3 — S, 1 < 5 < 2, defined on 
a unit ball B = B\ C R™ and smooth in B \ {0}. Then the Hessian of w is 
homogeneous of order (1 — 5). Define the map 

A : B — > X(S) G R" . 

X(S) = {Xi : Ai < ... < A„} G R" being the (ordered) set of eigenvalues of the 
matrix S — D 2 w. 

Let K C R™ be an open convex cone, such that 

{x e R" : x, > 0, i = l, n} C K. 

Set 

L:=R n \(KU-K). 

We say that a set E C R™ satisfy K-cone condition if (a-J)eL for any 
a, b e E. 

Let £„ be the group of permutations of {1, n}. For any a e S n , we denote 
by T CT the linear transformation of R" given by Xi i-> i = 1, 

Lemma 2.1. Assume that 

M := (J T a A(B) C R" 

ff£S„ 

satisfies the K-cone condition. If 8 > we assume additionally that w changes 
sign in B. Then w is a viscosity solution in B of a uniformly elliptic Hessian 
equation (1). 

Proof . Let us choose in the space R" an orthogonal coordinate system Z\, . . . , z n _i, s, 
such that s — x\ + ... + x n . Let 7r : R™ — > Z be the orthogonal projec- 
tion of R" onto the z-space. Let iiT* denote the adjoint cone of K, that is, 
K* = {b e R" : b ■ c > for all c G K}. Notice that a e L implies a • b = 
for some b e K* . We represent the boundary of the cone K as the graph of 
a Lipschitz function s — e(z), with e(0) = 0, function e is smooth outside the 
origin: 

e(z) =inf{c: (z + cs)eK}. 
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Set m = 7T (M). We prove that M is a graph of a Lipschitz function on m, 

M = {z e m : s = g(z)} . 

Let a, a £ M, a = (z, s), a = (z, s). Since a — a e L, we have 

— e(z — z) < s — s < e(z — z). 

Since e(0) = 0,g(z) := s is single-valued. Also 

| 5 (z) - g(z)\ =\s-s\ < \e(z- z)\ <C\z-z\. 

The function g has an extension g from the set m to R"^ 1 such that g is a 
Lipschitz function and the graph of g satisfies the if -cone condition. One can 
define such extension g simply by the formula 

g(z) := inf {g(w) + e(z - w)} . 

To show that this formula works let (z, g(z j), (z, g(z j) lie in the graph g. We 
must show 

-e(z-z) < g(z)-g(z) <e(z-z). 

Now 

g(z) = g(w) + e(z - w) 

for some w € m. Thus 

g(z)-g(z) < g(w) + e(z - w) - (g(w) + e(z - w)) < e(z-z), 
since e(a + b) < e(a) + e(b), as e(-) is convex, homogenous. Similarly 

9(z)-g(z) > -e(z-z). 

Let us set 

/' :=s-g(z). 

Since the level surface of the function /' satisfies K-cone condition it follows 
that V/ G K* a. e. where K* is the adjoint cone to K. Moreover the function 
w satisfies the equation 

f'(X(S))=0. 

on B\ {0}. 

Set 

<r£S„ 

Then / is a Lipschitz function invariant under the action of the group £„ and 
satisfies the equation 

/(A(5)) = 0. 
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on B\ {0}. 

We show now that w is a viscosity solution of (1) on the whole ball B. 

Assume first that 5 = 1. Let p(x), x € B be a quadratic form such that 
p < w on B. We choose any quadratic formp'(x) such that p < p 1 < w and there 
is a point x' ^ at which p'(x') = w(x'). Then it follows that F(p) < F(p') < 0. 
Consequently for any quadratic form p(x) from the inequality p < w (p > w) it 
follows that F(p) < (F(p) > 0). This implies that w is a viscosity solution of 
(1) in B (see Proposition 2.4 in [CC]). 

If 1 < S < 2 then for any smooth function p in B the function w — p changes 
sign in any neighborhood of 0. Hence, by the same proposition in [CC] , it follows 
that w is a viscosity solution of (1) in B. 

Next we need the following property of the eigenvalues Ai > A2 > . . . > X n 
of real symmetric matrices of order n which is a classical result by Hermann 
Weyl [We]: 

Lemma 2.2. Let A, B be two real symmetric matrices with the eigenvalues 
Ai > A 2 > . . . > A„ and X[ > A' 2 > . . . > X' n respectively. Then for the 
eigenvalues Ai > A 2 > . . . > A„ of the matrix A — B we have 

Ai > max (Ai - A^), A„ < min (Ai — A^). 

i—l,---,n i—l,---,n 

We need also the following simple fact: 

Lemma 2.3. Let L : R™ — > R™ be a symmetric linear operator with the 
eigenvalues Ai > A2 > . . . > \ n and let H be a hyperplane H C R" invariant 
under L. Then for the eigenvalues X\ > X' 2 > ■ ■ . > X' n _ 1 of the restriction L\ H 
one has 

Ai > X l > A 2 > A 2 > . . . > A„_i > X' n _ 1 > X n . 

3 Cubic form P = P 24 

In this section we introduce and investigate the cubic form which will be used to 
construct our singular solutions. It is based on the algebra of Caley octonions 
0; for this algebra we use the notation and conventions in [Ba] (in particular, 
eie 2 = e 4 ). Let V = (X,Y,Z) e R 24 be a variable vector with X, Y, and 
Z e R 8 . For any t = (t , h, . . . , t 8 ) € R 8 we denote by 

ot = t + h ■ ei + i 2 • e 2 + . . . + 1 7 ■ e 7 e O 

its natural image in O. For any o = o + o\ ■ e\ + o 2 • e 2 + ■ ■ ■ + 07 • e 7 e O 
its conjugate will be denoted o* = 00 — 0\ ■ e\ — o 2 • e 2 — . . . — 07 • ej; thus, 
o* ■ o = o ■ o* =| o | 2 . 
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Define the cubic form P = P 24 {V) = P(X, Y, Z) as follows 

P(X, Y, Z) = Re((oX ■ oY) ■ oZ) = Re(oX ■ (oY ■ oZ)) = 

(Z Y a - ZiYi - Z 2 Y 2 - Z 3 Y 3 - Z 4 Y 4 - Z 5 Y 5 - Z 6 Y 6 - Z 7 Y 7 )X a + 
{-ZM - Z Q Y 1 - Z 4 Y 2 - Z 7 Y 3 + Z 2 Y 4 - Z e Y 5 + Z 5 Y 6 + Z 3 Y 7 )X X + 
(-Z 2 Y Q + Z 4 Yi - Z Y 2 - Z 5 Y 3 - Z X Y 4 + Z 3 Y 5 - Z 7 Y 6 + Z 6 Y 7 )X 2 + 
(—Z 3 Yq + Z 7 Yi + Z 5 Y 2 — Z a Y 3 — Z e Y 4 — Z 2 Y 5 + Z 4 Y e — ZiY 7 )X 3 + 
(-Z 4 Y Q - Z 2 Y t + Z X Y 2 + Z e Y 3 - Z Y 4 - Z 7 Y 5 - Z 3 Y 6 + Z 5 Y 7 )X 4 + 
(-Z 5 Y Q + Z 6 Y 1 - Z 3 Y 2 + Z 2 Y 3 + Z 7 Y 4 - Z Q Y 5 - Z t Y 6 - Z 4 Y 7 )X 5 + 
(-Z 6 Y a - Z 5 Yi + Z 7 Y 2 - Z 4 Y 3 + Z 3 Y 4 + Z X Y 5 - Z Y 6 - Z 2 Y 7 )X 6 + 

(-Z 7 Y - Z 3 Y X - Z 6 Y 2 + Z X Y 3 - Z 5 Y 4 + Z 4 Y 5 + Z 2 Y 6 - Z a Y 7 )X 7 . 

Its principal property for us is 

Proposition 3.1. Let a = (x,y,z) € S* 23 ; define 

W = W(a) = P(a), m — m(a) — m(x, y, z) — \x\ ■ \y\ ■ \z\. 

Then the characteristic polynomial CH{T) = CHp^ a (T) of the Hessian 
H(a) = D 2 P(a) is given by 

CH(T) = (T 3 - T + 2m)(T 3 - T — 2m)(T 3 -T + 2Wf. 



Proof. The weak associativity Re((oX ■ oY) ■ oZ) = Re(oX ■ (oY ■ oZj) 
is Corollary 15.12, p. 110 of the book [Ad]. Proposition 5.7 [Ad, p. 35] and 
Theorem 15.14 [Ad, p.lll] show that the triality polynom P(X, Y, Z) is Spin(8)- 
invariant. Thus the characteristic polynomial CH{T) is invariant under the 
action of Spin(8), and we can suppose (applying the action) that the vectors 
x e R, y e R + eiR, z e R + eiR + e 2 R C O; thus x, y, z e H C O where H 
is generated by {1, e\, e 2l e 4 }. Brute force calculations give for the Hessian of P 
relatively to the following ordering of coordinates in R 24 : 



{Xq, Xi,X 2 , X 4 , Y , Yi,Y 2 , Y 4 , Zq, Zi, Z 2 ,Z 4 , X 5 ,X e , X 3 , X 7 , Y 5 , Y e , Y 3 ,Y 7 , Z 5 , Z 6 , Z 3 , Z 7 } 




for the following matrices H ,Hi € Mati 2 (TL) : 
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#1 




O4 L x 
*L X 4 



M s = 



V 



so 
si 

-S3 



"Si 

-so 
S3 
-s 2 



-s 2 
-S3 
-s 
si 



-s 3 \ 

S2 
-Si 

-s J 



L s = 



-s 
si 
-s 2 

V S 3 



-si 
-so 

S3 

S2 



S2 

-S3 

-so 

Si 



-S3 \ 
-32 
"Si 
So ) 



for an arbitrary s — (so, s\, S2, S3) G R 4 . 

Direct easy calculations show that M S ,L S have the following properties: 

1) . M s ■ t M s = *M S • M s = L s ■ % = % -L a =\a \ 2 h; 

thus, M S ,L S are proportional to orthogonal matrices. In particular, if | s |= 1 
then M S ,L S are orthogonal themselves. We write M s =| s | O s , L s —\ s \ 0' s 
with O s ,0' s € 0(4). 

2) . det(M s ) = - I a | 4 , det(O s ) - -1, det(L s ) =| s | 4 , det(O^) = 1; 

3) . the characteristic polynomials PM S (T), PL S (T) of M Sl L s factor as 
PM S {T) = (T 2 - |.s| 2 )(T 2 + 2s T + |s| 2 ), PL S {T) = (T 2 + 2s T + \s\ 2 ) 2 

and those of O s , O r s as 

PO s (T) = (T 2 - 1)(T 2 + 2s* T + 1), PO' s {T) = (T 2 + 2s5T + l) 2 
with si = s /\s\; 

4) . define the symmetric matrices N s = (O s + t O s ), N' s = (0' s + t O' s ); then 
their spectrums are 

Sp(N s ) = {2, -2, -2«5, -2^}, 5p(7V^) = {-2s*, -2s*, -2s*, -2s*}; 

5) . For the product matrices M rst = M r ■ M s ■ M t , L rst = L r ■ L s ■ L u 
r,s,t € R 4 we have the characteristic polynomials PM rsU PL rst of M rst , L rst : 

PM rst (T) = (T 2 - \r\ 2 \s\ 2 \t\ 2 )(T 2 + 2P(r,s,t)T +\r\ 2 \s\ 2 \t\ 2 ), 

PL rst (T) = {T 2 + 2P{r lSl t)T+\r\ 2 \s\ 2 \t\ 2 ) 2 . 

Let us calculate the characteristic polynomial F of Ho, the characteristic 
polynomial G of Hi being calculated in the same way using L s instead of M s . 
Conjugating H by the orthogonal matrix 
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one gets 



/ 4 \z\h \y\ l O xyz \ 
H = \z\h 4 |x|7 4 

V \y\O xyz \x\h 4 / 

Let now A e Sp(H ), v\ = (p\,q\,r\) being a corresponding eigenvector, 
normalized by the condition \v\\ — 1. The condition H ■ v x — Xv x gives 

ApA = |z|qA + ly^Oxyzrx 

Xqx = \z\p\ + \x\r\ 

Xrx = \y\O xyz p x + \x\q x 

Multiplying the second and the third equations by A and inserting in thus ob- 
tained equations the first one we get 

(X 2 -\z\ 2 )px = (\x\-\z\+X\y\ t O xyz )rx 

(X 2 -\x\ 2 )rx = (\x\-\z\+X\y\O xyz )px 
which implies 

(A 2 - |.x| 2 )(A 2 - |z| 2 ) PA - (|x| • \z\ + AM'O^XM • \z\ + X\y\O xyz )px 
and, after simplifying, 

A(A 3 / 4 - A/ 4 - mN xyz )px = 0, 

since |x| 2 + |y| 2 + |z| 2 = 1, m = \x\-\y\-\z\, O xyz l O xyz = I 4 , N xyz = O xyz + t O xyz . 
Hence, either A = or 

(A 3 - A) e m ■ Sp{N xyz ) = {-2m, 2m, -2W, -2W}. 

This finishes the proof for A 7^ 0. If A = we get the conditions 

= \z\q x + \y^O xyz r x 

= \z\px + \x\rx 

= \y\O xyz p x + \x\qx 

immediately implying that m — (since else these equations give px = 0) and 
the formula holds for this case as well. 

Remark 3.1. If we do not instist on a computer-free proof of the fact, the 
inclusions x € R, y e R + eiR, z e R + eiR + e 2 R will suffice. Indeed, the 
MAPLE instructions (v being the coordinate vector) 

H := hessian(P, v) : X2 := : XA := : Y2 := : YA := : Z2 := : ZA := : 
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X5 := : X6 := : X'3 := : XI := : Y5 := : Y6 := : Y3 := : Y7 := : 
Zh := : Z6 := : Z3 := : := : Cff := factor(charpoly(H,T)); 
return the formula of Proposition 3.1 in 20 seconds, < 60 MB of space. 

The result of Proposition 3.1 can be written as 

Corollary 3.1. Define the angles a,/3 by a := arccos (3-y/3m), P := arccos(3v / 3VF). 
Then 

Sp(H(aj) = {--= cos(a/3 + nk/3), 6 x cos(/3/3 + tt(2Z + l)/3)}}, 
V3 v 3 

for k = 0,1,... 5, 1 = 0,1,2. 

Proof. Indeed, if we put A = ^cos7, the equations A 3 — A + 2m = 0, 

A 3 — A — 2m = and A 3 — A + 2W = become respectively, cos(37) = — cos a, 
cos(37) = cos a and cos(37) = — cos/3 which implies the result. 

Let us order the eigenvalues of H (a) in the decreasing order: 

Ai > A2 > . . . > A23 > A24. 

Since \ W\ < m and the cosine decreases on [0,7r] we get 
Corollary 3.2. 

2 a 

Ai = — ^= cos( — ), A2 = . . . = A7 = n\, As = h, A9 = Z2, A10 = . . . = A15 = fi2, 

2 a 

Al6 = —^2, A17 = —li, Ai8 = . . . = A23 = M3) A24 = — — ^= C0S( — ) 

/or 

, f 2 a + 7r . 2 a + 57r 

/ 1 =max|- 7 =cos(^-),- 7 =cos(^-) 



mm 



Mi > > &ezn# tfte roots ofT 3 — T+ 2W = 0. 
Remark 3.2. We have the inequalities 

2A 3 >Ai, 2A„_2 < A„,n = 12 or 24 

which hold for the eigenvalues of P 2 4 as well for the form P i2 used in [NV1]. 
They are essential for the proofs in [NV1] and are in fact the best possible. 
Indeed, one has the following result: 
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Proposition 3.2. Let P ^ be a cubic form in R™. Then for some unit 
vector d <E C R" the eigenvalues Ai > A2 > ... > A„ of the quadratic form 

Pd-=J2i d i p xi satisfy 

Ai > 2A2, 2A„_i > A„. 

Proof . Assume that at the point a <G S*™ -1 the cubic form P attains its 
supremum over Since P is an odd function on R™, P(a) > 0. Choose 

d = a and let Xi,...,x n be an orthonormal basis in R" such that x\ is directed 
along d. Since the form P attains at d its supremum over 5*™ -1 it follows 
that in the coordinates Xi the cubic form P contains no monoms of the form 
cx\xi, i > 1. Thus the quadratic form Pd contains no monoms of the form 
cx\Xi 1 i > 1 and hence the vector d is an eigenvector of the quadratic form 
Pd with the eigenvalue denoted by A. Let A' be the maximal eigenvalue of Pd 
on the orthogonal complement of d attained on the eigenvector b € 5*™ -1 . The 
lemma will follows if we prove that A > 2A'. We assume without loss that A = 1 
and that x 2 is directed along b. Then the restriction of Pd on the plane {£1, a; 2 } 
can be written in the form 

x\ + X'xl 

and thus the restriction of the cubic form P on this plane becomes 

+ \'xix\ + cx\. 

It is easy to see that if A' > 1/2 then the supremum of the function P on the 
circle x\ + x\ = 1 is not at the point (1, 0) which implies the result. 

4 Proof of Theorem 1.1 

Lemma 2.3 and Corollary 3.2 give 

Corollary 4.1. Let a = (x,y,z) £ Sf, let H = H 19 C R 24 = O 3 be a 
plane, dim(H) = 19 and let 

Ai > A 2 > . . . > A 18 > A 19 

be the eigenvalues of the Hessian D 2 P\ H (a) written in the decreasing order. 
Then 

A 2 = /ii, A 10 = fi 2 , A 18 = ^3, 
Mi > M2 > M3 being the roots of T 3 - T + 2W = 0. 

Proposition 4.1. Let H C R 24 , dimiJ = 21. 5ei M s (u) = D 2 w S \ H (u) 
for u e H, 1 < 5 < 2. Suppose that a ^ b e H and let O G 0(21) be an 
orthogonal matrix s.t. Ms(a,b,0) :— Ms(a) — *0 ■ Ms(b) 'O / 0. Denote 
Ai > A 2 > . . . > A 2 i the eigenvalues of the matrix Mg(a, b, O). Then 
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Ai , 

£ < —r— < £ 
-A 2 i 

/or e:=min{f=f,-L}. 

Proof. We can suppose without loss that \a\ < \b\, moreover, by homogeneity 
we can suppose that a g Sf° and thus |6| > 1. Let b := 6/|6| g Sf° then Mg(b) = 
M{(6)|6| 1-5 . One needs then the following result for the points a,b g Sf : 

Lemma 4.1. Let 6 g [1, 2), a, 6 g 5?°, W = W(a), W = W(b), and let 

2 ( arccos(3V3^)-7r ^ 
MiW = ^ cos ^ j-WS> 

2 /arccosOV3WO+^\ 
M2 (<5) = cos ^ § J - W > 

2 /arccos(3v^W0\ 
= cos ^ § j-WS 

(resp., p,i(5) > /S 2 (<5) > ^3(5) ) 6e ffce roots of the polynomial 

Pi,s(T,W) -Q^T + SW) = 

T 3 + 3WST 2 + (3W 2 5 2 - 1)T + W(2 -5) + W 3 S 3 
(resp. of the polynomial 

Pi,s(T, W) :=Q X (T + 8W) = 

T 3 + 3W5T 2 + {3W 2 5 2 - l)T + W(2 -5) + W 3 5 3 ). 
Then for any K > verifying \K — 1| + | W — W\ 7^ one has 

2-5 _ y+jK) < 1 _ 4 + J 

4 + 5 ' ~ —fi-(K) ~ e 2-5 

where 

fi_(K) := min{ Ml (5) - ^(J), ^(J) - ^(5), Ms(<5) - K7* 3 (*)}, 
:= max{ Ml (<5) - Kfl^S), 1*2(8) - Kfi 2 (S), Ha(S) - Kfi 3 (S)} • 



Proof of Lemma 4-1- In the proof we will repeatedly use the following ele- 
mentary fact: 
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Claim. Let h > h > h, h + h + h = t > 0, l 3 < —ht, with h > 0. Then 
-Z1/Z3 e [h/(2h+l),(2h + l)/h] fort > 0, -li/! 3 £ [1/2, 2] for t = 0. 

If W — W, K — 1 there is nothing to prove. If K = 1 one can suppose that 
W > TU; we have 

( Pl (S) - KM&)) + (P2(S) - Kjl 2 (8)) + ( P3 (S) - Kfi 3 (8)) = 3(W - W)8 
and 

.„ 2 / /arccos(3\/3Wn + tt\ /arccos(3\/3Wn + tt\ \ 
^W-^W = 75 |^ cos ^ § J - cos ^ s ) ) 

-(W - W)8 > (2 - 8)(W - W). 

Therefore, one can take e = (2 — 8)/ (4 + 8) in this case. We can suppose then 
W > W,K ^ 1. Using the relations 

m(S)(-w) = -H3(S){W), » 2 (6)(-w) = -imi(S)(w), ^(S)(-w) = -m(S){w) 

we can suppose without loss that K < 1. 

We distinguish then three cases corresponding to different signs oiW — KW. 
If W — KW = then one can take e = 1/2 since 

(/xi(J) - #/!!(<*)) + (M<*) - #M2(<5)) + (WW - KM5)) = 0. 

Let TU - KW = W-W+(1- K)W < 0. Then 

(Mi (8) - Kj2i(S)) + (n 2 (8) - Kjh{8)) + - ^MsW) = -3(W - AW)<J > 

and 

fi 3 (S)-Kfi 3 (S) = M3(5)-M3(5)+(1-^)M3W = M3('5)(W r ')(lU-TU)+(l-if)M 3 (<5) 
for W e (W, W). Since 

M 3 (<5) < ^ < ^= < -W, A*3(«)(W) < -2/3 - «J < -5/3 < -1 
we get 

fj, 3 (S) - Kjl 3 {8) < -(W -W+(l- K)W) = -{W - KW) 

and one can take e =_ (2 + 38)~\ = 1/(2 + 38) > (2 - <5)/(4 + <5). 
Let then IT" - if TT = W - W + (1 - A")W > 0. We get 

- Kfatf)) + {1*2(6) - Kih(8)) + (fi 3 (5) - Kfi 3 (8)) = -3(W - KW) < 0. 
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If W > then 

H2{S)-Kfh{S) = fi 2 (6)-fl 2 (6)+(l-K)fl 2 (S) = » 2 (6)(W')(W-W)+(l-K)fi 2 (S) > 

(2 - 5){W - W) + (1 - K)(2 - S)W > (2 - 5)(W - 

which gives again e = (2 — <5)/(4 + 5). 
LctW<0,W> 0. Then 

// 2 (5) - Kp 2 (S) > (2 - 5)W + AT(2 - <5)W = (2 - - ATW"). 

Let finally W < W < 0. Then the same inequality holds since the function 
f(W) := fi 2 (S)(W)/W is decreasing for W € [^,0] and /(0) = (2 - <5). 

i?nd of proof of Proposition J^.l. Let us then recall that 

D 2 w s (a)\ H = (D 2 P(a) - SP(a))\ H 

for any plane H orthogonal to a unit vector a. Applying Corollary 4.1 to 
Hig = a 1 - P| b 1 - P| H and then Lemma 4.1. with if := l&l" 5 we get the result in 
all cases except K = 1, W(a) = W(6); but in this exceptional case the trace of 
Hg(a, 6, O) vanishes and the claim is valid for e = 

Proposition 4.1 and Lemma 2.1 give a proof of Theorem 1.1. Indeed, we set 
K to be the dual cone K := where 

K\ = {(A 1; ...,A„) G [C/X,CX] : for some C > } 

with n = 21, A = i. Then Proposition 4.1 gives the if— cone condition in 
Lemma 2.1 on T ao A(B) for <to = id e E21 which implies the same condition on 
the whole M = U CT£ s 21 T <?M B ) as well. 

5 Isaacs equation 

We prove here Theorem 1.2. Denote for C > by # c C 5 2 (R 2 ) the cone of 
positive symmetric matrix with the ellipticity constant C, i.e., if A e Kc, A = 
{aij} then 

c- 1 \e<J2 a ^<c\^. 

Lemma 5.1. Let C > and Zef u> € C°°(R" \ 0) 6e a homogeneous order 
a, 1 < a < 2 function. Assume that for any two points x,y € R n , < |x|, |j/| < 
1, tftere exists a matrix A £ Kc orthogonal to both forms D 2 w(x) 1 D 2 w{y) 1 

Tr{AD 2 w{x)) = Tr(AD 2 w(y)) = 0. 

Then w is a viscosity solution to an Isaacs equation. 
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Proof. Set 

Denote 
Let 

Denote 



S = {a£ K c ,tr a = 1}. 

r = d 2 w(s™~ 1 ) c s 2 (n n ). 

beS 2 (K n ). 

B = {z e S 2 (R n ),zb> 0}, 
b* =Bf)S. 

We define a two- parametric set of quadratic forms L a i, C S (R n ) parametrized 
by b £ r and a £ b* , a — {(%}. Denote by L a f, the linear elliptic operator (1.5) 
with the coefficients ay given by the parameter a. Then L a b is a uniformly 
elliptic operator with the ellipticity constant C. We are going to show that 

(5.1) supinf L a biv = 0. 

b a 

Let x £ B, \x\ 7^ 0. Choose b = D 2 w(x/\x\). Then since D 2 w{x) is proportional 
to D 2 w(x/\x\) we have 

(5.2) inf L ab w(x) = 0. 

ogz* 

Assume now that 6 7^ &• By our assumptions there exists A £ 6q n b* , such 
that Ab = Ab = 0. Thus 

(5.3) inf L abo z < 0. 

Now from (5.2) and (5.3) the equality (5.1) follows immediately . 
Recall that a symmetric matrix A is called strictly hyperbolic if 

1 A l(^) w 

— < — — - < M 



for a positive M. To finish the proof we note that the results of Section 4 imply 
m (x) -pF 2 D 2 w 5l , 



that the form aFiD 2 w&\ H (x) — (3F 2 D 2 W5i H (y) is strictly hyperbolic for positive 



a, f3; since the function ws is odd, it remains true for any (a, (3) £ R 2 \ {0} and 
we can apply the following result. 

Lemma 5.2. Let Fi,F 2 be two quadratic forms in R" s.t. the form 
aFi + (3F 2 is strictly hyperbolic for any (a, (3) £ R 2 \ {0}. Then there exist 
C > and a positive quadratic form Q £ Kc orthogonal to both forms F ll F 2 , 

Tr(FiQ) = Tr(F 2 Q) = 0. 
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Proof. We can suppose w.r.g. that F\ is traceless, Tr(F\) — 0. Let D C S™ 

be a minimal (with respect to inclusion) domain on which F± does not change 
the sign. We can assume w.r.g. that F\ \d> 0. Our first claim is that F 2 changes 
the sign on the border dD of D. Indeed, if not we assume w.r.g. F 2 |a_D> 0. 
Let for t £ [0, 1] define D t as the union of the connected components of the set 
{x £ : cos(-Kt)Fi(x) + sin(Trt)F 2 (x) > 0} with non-void intersection with 

D, thus D = D. If for some s £ [0, 1] we get D s f] D ^ D s we are done and 
we can thus assume that Vs £ [0, 1], D s C D. If for some s £ [0, 1] the set D s 
becomes empty, then there is s' £ [0, s[ s.t. D' s contains an isolated point x 
with cos(7rs')Fi(xo) +sin(7rs')F2(xo) = which is impossible since then would 
be a maximal eigenvalue of the strictly hyperbolic form cos(7rs')Fi + sin^s')^- 
In particular, D\ is non-empty which is impossible since F\ = —F . 

Since Fi changes the sign on the border dD of D, there exist two points 
Oi,o 2 e dD with Fi(ai) = F 1 (a 2 ) = 0,F 2 (a 1 ) = a > 0,F 2 (a 2 ) = -a. Let 
m = Tr(F 2 (J2 x 1))i changing the sign if necessary we can suppose that m > 0. 
If m — we are done with Q = "^2 %l j thus we suppose m > 0. Then the form 
Qo(x) ■— (x,a 2 ) 2 is clearly orthogonal to F\ and one has Tr(F 2 Q ) = —a. Let 
I := a/m > 0. Then the form Qo t i := Qo(%) + lJ2 x i ^ s positive, orthogonal to 
F± since Fi is traceless, and one has Tr(F 2 Qoj) = —a + ml = 0. One notes then 
that the ellipticity constant of the form Qo,z depends (upper semi-) continuously 
on (Fi,F 2 ), thus its maximum C on x S*™ -1 is finite. 

The lemma is proved. 
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